We study spin-2 excitations in the background of the recently-discovered type-IIB solutions of D'Hoker et al. These are holographically-dual to defect conformal field theories, and they are also of interest in the context of the Karch-Randall proposal for a string-theory embedding of localized gravity. We first generalize an argument by Csaki et al to show that for any solution with four-dimensional anti-de Sitter, Poincaré or de Sitter invariance the spin-2 excitations obey the massless scalar wave equation in ten dimensions. For the interface solutions at hand this reduces to a Laplace-Beltrami equation on a Riemann surface with disk topology, and in the simplest case of the supersymmetric Janus solution it further reduces to an ordinary differential equation known as Heun's equation. We solve this equation numerically, and exhibit the spectrum as a function of the dilaton-jump parameter ∆φ. In the limit of large ∆φ a nearly-flat linear-dilaton dimension grows large, and the Janus geometry becomes effectively five-dimensional. We also discuss the difficulties of localizing four-dimensional gravity in the more general backgrounds with NS5-brane or D5-brane charge, which will be analyzed in detail in a companion paper.
Introduction
Whether gravity can be localized [1, 2, 3] is a question of great interest for cosmology. It is closely related to the question of whether the graviton can have a mass [4, 5, 6, 7] , or more generally whether Einstein's theory -with or without a cosmological constant term -can be consistently modified at cosmic-distance scales. Despite many interesting results (see e.g. [8, 9, 10, 11, 12, 13, 14, 15] and references therein), there is still no definitive answer to these questions.
The difficulties with low-energy descriptions of localized and/or massive gravity typically arise when one considers classical non-linearities, and quantum corrections. Problems include the non-decoupling of heavy mass scales (the Planck scale, the bulk curvature or the brane thickness) and/or the appearance of ghosts. Clearly, an embedding in an ultraviolet-complete theory like string theory could shed important light on these issues. A promising proposal for such an embedding was made some time ago by Karch and Randall [16, 17] . These authors considered an AdS 4 ×S 2 brane in an AdS 5 ×S 5 bulk, and argued that a nearly-massless graviton can be obtained by tuning the brane tension. In their calculation Karch and Randall had to approximate the background geometry by two AdS 5 slices glued together along a "thin" AdS 4 brane. The exact type-IIB supergravity solutions, describing the full back-reaction of branes on geometry, were discovered only recently by D'Hoker et al [18, 19] (see also [20, 21] for related work). A central motivation for our work here was to check whether the conclusions of Karch and Randall survive in these exact string-theory backgrounds.
The supergravity solutions of D'Hoker et al are holographically-dual to defect conformal field theories [22, 23, 24, 25, 26] , i.e. to two or more conformal theories interacting along a scale-invariant domain wall. 1 The "locally-localized graviton" has been discussed from the viewpoint of the defect CFTs in [29] (for earlier perspectives see [30, 31, 32] , and for a recent one [33] ). Other than their potential relevance to the localization of gravity, our results are thus also of interest in this dual context.
In this paper we will first set up the spectral problem for spin-2 excitations in the interface geometries of refs. [18, 19] . These have the structure of an AdS 4 ×S 2 ×S 2 spacetime, fibered over a Riemann surface (Σ,ĝ) with disk topology. The excitations which are constant on the spheres, and which have spin 2 in AdS 4 , obey Neumann boundary conditions on the surface Σ. Their shifted mass-squared operator, m 2 + 2, is, as we will see, the Laplace-Beltrami operator on the disk with metric given byḡ = e −2Aĝ , where A is the AdS 4 warping factor. In deriving this result, we will generalize slightly an argument of Csaki et al [34] to show that the spin-2 excitations obey the massless scalar-wave equation in ten dimensions. The argument, first made in the context of flat thick branes and scalar fields, 2 generalizes easily to all supergravity solutions with 4D anti-de Sitter, Poincaré or de Sitter symmetry, and with arbitrary p-form flux backgrounds. The universality of the spin-2 wave equation should be contrasted with what happens for spins ≤ 1, whose wave equations depend a priori on non-metric features of the backgrounds.
Solving the spectral problem on the surface (Σ,ḡ) is, in general, a difficult task. It simplifies considerably for the supersymmetric Janus solution [which describes a supersymmetric dilaton domain wall], for which the relevant eigenmode equation is separable. The reduced ordinary differential equation has four regular singular points, and is known in the mathematics literature as Heun's equation [36] . We will solve this equation numerically, and exhibit the spectrum as a function of the dilatonjump parameter ∆φ. As we will see, Janus cannot localize four-dimensional gravity and its only interesting limit, ∆φ → ∞, is a limit in which a flat fifth dimension decompactifies. This behavior can be attributed to the vanishing superpotential of the dilaton field, whose domain walls have no intrinsic tension or thickness. Solutions with NS5-brane and/or D5-brane charge are in this respect more promising, in line with the original proposal of Karch and Randall [17] . Generating a large scale hierarchy without decompactifying extra dimensions looks, however, a priori a difficult task. The detailed analysis of the backgrounds with five-brane charge, for which the eigenmode equation on the strip does not factorize, will be presented in a forthcoming companion publication [37] . This paper is organized as follows: in section 2 we derive the linearized equation for transverse-traceless graviton modes in any geometry with AdS, dS or Poincaré invariance in four dimensions. Generalizing the argument of [34] we show that, in all cases, these modes obey the massless scalar wave equation in ten dimensions. In section 3 we review the solutions of D'Hoker et al [18, 19] , and relate their free parameters to brane charges and to the asymptotic values of the dilaton field. Section 4 reviews the qualitative features responsible for the localization of the graviton in the protoype thin-brane geometry of Karch and Randall [16] . We show that the Janus solution does not have the required "warp-factor bump", and we describe the large-∆φ limit of its geometry. We also discuss briefly the backgrounds with fivebrane charge, whose detailed analysis will be presented in ref. [37] . In section 5 we reduce the eigenmode equation for all interface solutions to a spectral problem on the two-dimensional strip Σ, paying special attention to the boundary conditions and the norm of the modes. We verify our formulae by rederiving the well-known AdS 5 ×S 5 spectrum. Finally, section 6 presents our analysis of the Janus spectrum. We reduce the equation on Σ to Heun's equation [36] , and solve this latter numerically. The results are not surprising, and agree with expectations in the large-∆φ limit. Some conventions on type-IIB supergravity are collected in the appendix A.
Universal equation for spin-excitations
In this section we will derive the equation for the spectrum of the spin-2 Kaluza-Klein excitations around any solution with maximal symmetry in four dimensions. As we will see, the relevant second-order operator is the massless scalar wave operator in ten (or in eleven) dimensions. It is an interesting fact that this mass operator only depends on the background metric, and on no other fields. The reason is that all other background fields enter the linearized equations for spin-2 modes via the total energymomentum tensor, which can be re-expressed in terms of the background curvature. This was first observed by Csaki et al [34] for flat thick branes generated by scalar fields. We here extend the argument to all supergravity solutions with maximal (AdS, dS or Poincaré) symmetry, and with arbitrary p-form flux backgrounds.
Ansatz for the Kaluza-Klein spin-2 modes
We are interested in solutions of the supergravity equations with a background metric that has the following warped form:
Here Greek indices run over {0, 1, 2, 3},ḡ µν is the metric for the unit-radius constantcurvature spacetime (M 4 = AdS 4 , M 4 or dS 4 , for k = −1, 0, 1), and Latin indices label the remaining coordinates, y a , of the "internal" spaceM d−4 . The internal space may, but need not, be compact. In this section the total spacetime dimension is arbitrary, later we will focus on the type IIB supergravity for which d = 10. We restrict attention to perturbations of the four-dimensional metric: 2) and look for factorized solutions of the linearized field equations of the following form:
where h
[tt]
µν solves the Pauli-Fierz equations [38] for a massive spin-2 particle inM 4 . The Pauli-Fierz equations read (see for instance [39, 40] 
µν =ḡ µν h
where¯ (2) x is the Laplace operator acting on two-index tensors inM 4 . The last two equations, which force h [tt] µν to be transverse and traceless (henceforth "tt") in four dimensions, are non-dynamical phase-space constraints. As we will show, with the above ansatz the linearized Einstein equations reduce to a single second-order equation for the internal-space wavefunction ψ(y). Normalizable solutions correspond to the allowed eigenvalues of the wave operator, λ. The four-dimensional Pauli-Fierz mass is related to λ as m 2 = λ − 2k [40] .
The last two equations in (2.4) eliminate five out of the ten components of the symmetric two-index tensor. The remaining degrees of freedom are what one needs to describe the states of a massive spin-2 particle in four dimensions. We note that the above metric perturbations are transverse-traceless also in d dimensions, 5) where here the covariant derivatives refer to the (bloc-diagonal) metricĝ M N = (e 2Aḡ µν ,ĝ ab ), and δg M N = (e 2A h µν , 0) is the unscaled metric perturbation. To verify this statement one uses the fact that the componentsΓ ρ µν of the affine connection are identical to those onM 4 . The converse of this statement is however false, i.e. the d-dimensional transverse-traceless conditions do not imply the four-dimensional ones. Thus our ansatz does not describe all metric perturbations, but only those which have spin 2 in four dimensions.
Reduction of the Einstein equations
Turning now to the Einstein equations, we want to compute the linearized variation of the Einstein tensor and of its source term, i.e. the energy-momentum tensor of the matter fields. Let us start with the Einstein tensor. The variations of the affine connection and of the curvature are given, at linear order, by the expressions [41] :
Using the [tt] property of δg M N leads, after a little algebra, to the following linear variation of the Ricci tensor:
where indices are raised with the background metricĝ M N . It is at this stage convenient to bring the metric by a Weyl rescaling to direct-product form [we use bars for the rescaled background, as opposed to hats for the original one]:
The curvature and Ricci tensors in (2.7) can be expressed in terms of the corresponding "barred" tensors, and derivatives of the conformal factor (see e.g. [42] for a collection of Weyl-transformation formulae). The terms relevant for our purposes here are:R
where d is the total spacetime dimension,¯ y is the scalar Laplacian in the internal space with metricḡ ab = e −2Aĝ ab , and A ;Σ ≡ ∂ Σ A. The dots stand for omitted terms that vanish when inserted in (2.7), either because the perturbation δg M N is traceless, or because it points in theM 4 directions (so that its contraction with A ;M is zero). Note that the second line in (2.9) is not just the contraction of the first line, because the terms omitted in these two lines are different.
The Weyl transformation of the third term in expression (2.7) requires some more work. From the transformation property of the affine connection, 10) and the fact that in our case A ;Σ δg ΣΞ = 0 one finds first:
where h M N ≡ e −2A δg M N is the rescaled perturbation. Applying one more derivative, and using again the special properties of h M N , gives after some straightforward algebra,
Inserting now the expressions (2.9) and (2.12) in the second line of (2.7) gives the variation of the Ricci tensor, expressed in terms of the rescaled metricḡ M N , its curvature tensor, and the warp factor A(y). The advantage of this rewriting is that g M N is a direct-product metric, so that its curvature tensorR P N KM is bloc-diagonal, i.e. either all indices are inM 4 or they are all in the internal-space directions. For our purposes here, we only need the curvature tensor with indices inM 4 . It reads
where k = −1, 0, 1 for anti-de Sitter, Minkowski or de Sitter spacetime. Furthermore, when acting on the factorized perturbation h µν (x, y) ≡ h
µν (x)ψ(y), the wave operator breaks down to a direct sum:∇ K∇ K =¯ (2) x +¯ y . Putting everything together, and using also the four-dimensional wave equation (2.4), leads to the following linear variation of the Ricci tensor with indices in {0, 1, 2, 3} :
where internal indices are contracted with the metricḡ ab . Furthermore, because h
is traceless the variation of the Ricci scalar vanishes, so that
This completes the computation of the linear variation of the Einstein tensor in the {0, 1, 2, 3} directions. As the reader can readily verify, the variation of the remaining components of the Einstein tensor vanishes identically.
We turn next to the variation of the energy-momentum tensor of "matter" fields, i.e. of all fields other than the d-dimensional graviton. These include the scalar and p-form gauge fields, which by abuse of notation we will refer to collectively as Φ. In general, the perturbations δΦ mix at the linearized level with metric perturbations. Put differently, the Lagrangian expanded to quadratic order around the background solution, may contain terms ∼ δg M N δΦ. This cannot however happen in the case at hand, because the special form of metric perturbations and the maximal symmetry ofM 4 forbid all contractions of δg M N with any field other than itself. 3 Indeed, background fields must be proportional to invariant AdS 4 tensors and neither the metric nor covariant derivatives can contract with δg µν . Thus, it is consistent to set δΦ = 0 when computing the linearized equations for spin-2 modes.
The energy-momentum tensor of the matter fields is given by the variation of their Lagrangian density,
By our previous argument, we need only consider L mat for Φ =Φ. But thanks to the symmetry of the background fields,
e. the Lagrangian density may depend on the 4-dimensional part of the metric only via its determinant. Indeed, the only allowed background fields with indices in {0, 1, 2, 3} are p-form field strengths proportional to the symbol, and whose contraction in L mat gives a factor of det(g µν ). The reader can also verify that 4D space-time filling sources, such as D-branes or orientifolds, do not modify the above conclusion. It follows that at linear order T µν ∝ g µν , where the scalar proportionality factor is made out of background fields. Consistency of the trace relation then implies 17) whereT ρσ is the energy-momentum tensor of the background solution. By similar arguments one shows that δT ab = δT aν = 0 at the linear level, in agreement with the fact that the corresponding components of the Einstein tensor vanish.
To complete our calculation we now use the Einstein equations in order to express the partial traceT ρ ρ as follows: 18) where in the second equality we have used once more the Weyl transformation of the Ricci tensor. Combining finally (2.14), (2.15), (2.17) and (2.18) leads to the following equation for the wavefunction of spin-2 excitations in the internal space:
where we recall that m 2 = λ − 2k. The above eigenvalue equation is the main result of this section. It confirms and generalizes the analysis of Csaki et al [34] . As advertized earlier the linearized equation only involves the background metric, but no other details of the background fields.
There are several useful rewritings of this equation. Firstly, in terms of the original internal-space metricĝ ab = e 2Aḡ ab , it reads 20) where [ĝ] is the determinant ofĝ ab (we reserve the notationĝ for the determinant of the full d-dimensional metricĝ M N ). Alternatively, one can put it in the form of a Schröndinger-like problem in the internal space:
and the "analog potential" is given by x − 2k =¯ x is valid for operators acting on transverse-traceless tensor fields in the maximally-symmetric spacetimeM 4 (see e.g. ref. [43] ). The spin
Note that the universality of the spin-2 mass operator should be contrasted with what happens for lower-spin fields, whose linearized equations typically depend on non-metric details of the background solution.
Normalizability and the zero mode
The eigenmode equation must be supplemented with a space of admissible ψ(y), which requires the introduction of a norm. To avoid cumbersome notation, let us first consider the case of a scalar field and look for factorized solutions of its wave equation of the form δΦ(x, y) = φ(x)ψ(y). Assuming a canonical kinetic term, these solutions are normalized by fixing the following invariant integral: 25) and ||φ|| 2 4 denotes the norm of φ(x) in the unit-radius spacetimeM 4 . The non-trivial feature of the above expression is the warp factor inside the y-integral. Replacing δΦ by δg µν introduces two extra inverse metric factors, needed for the contraction of free indices. The extra warp factors cancel precisely those in δg µν , so that again
where ||h|| 2 4 is the norm of the spin-2 perturbation h
µν (x) inM 4 . We conclude that the normalizable excitations are those for which the integral in (2.25) is finite. When expressed in terms of the wavefunction of the analog Schrödinger problem (2.21), the norm takes the expected canonical form
One immediate corollary is that m 2 is non-negative. This follows from the form of the mass-squared operator (2.20) and from the above expression for the norm:
where ψ is here an eigenfunction with eigenvalue m 2 . The mild assumption in the second step is that, upon integrating by parts, one picks up no contributions either from singularities or from asymptotic regions. Conversely, since unitarity of the SO(2,3) spin-2 representation requires m 2 ≥ 0, a singularity that leads to a violation of this bound must correspond to a physically-unacceptable solution.
Another simple consequence, modulo the same mild assumption as above, is that a massless graviton must necessarily have ψ(y) = constant [in which case the metric perturbation is proportional to the warp factor]. From the normalizability condition (2.25) we therefore conclude that: the existence of a massless graviton
This condition is, of course, automatically satisfied for compact internal spaces with smooth warp factor. It is, however, also a priori compatible with an infinite-volume internal space, as in the so-called Randall-Sundrum (RS) model II [2] . "Infinity" in this model is, nevertheless, an apparent horizon [44, 45] and the definition of the quantum theory requires a choice of boundary conditions. 5 In the Karch-Randall model on the other hand, the geometry is geodesically-complete with AdS 5 boundary regions. Since the integral in (2.29) diverges at the boundary of AdS 5 , there is no massless four-dimensional graviton in this model. This is also the case for the smooth interface geometries to which we turn now our attention.
Interface Solutions and their Charges
In this section we review the supersymmetric solutions of type IIB supergravity discovered in references [18, 19] . We make a choice of coordinates most convenient for our purposes here, and relate the free parameters of the solutions to the charges of the underlying brane configuration and to the asymptotic values of the dilaton field.
For the reader's convenience, we summarized in appendix A the field equations and Bianchi identities of the type-IIB bosonic fields, and their duality transformations.
Local solutions: General form
The solutions of interest are fibrations of AdS 4 × S 2 × S 2 over a base space which is a Riemann surface Σ with the topology of a disk. The general discussion of these solutions [19] is most convenient with a choice of complex coordinate that varies over the upper-half plane, but for our purposes here we prefer to use a coordinate that varies over the infinite strip:
The isometry SO(2, 3) × SO(3) × SO(3) of the fibers is a symmetry of the solutions, which also preserve 16 super(conformal) symmetries. The solutions considered here will be completely specified by two functions h 1 (z,z) and h 2 (z,z) which are real 5 This problem is generic for all flat-brane geometries with a non-compact transverse space. Consider indeed an infinite transverse dimension parametrized by a flat coordinate y, and let e A vanish at infinity. For a particle moving along y one has e 2A = C e 2A −ẏ 2 for some constant C. Out at infinityẏ e A → 0, so that the proper time integral reads:
Geodesic completeness of the spacetime requires that this integral diverge, so that the would-be horizon cannot be reached in finite proper time. The existence of a massless graviton requires on the other hand that dy e 2A be finite. These two conditions imply that at infinity A −νlog y with 1 > ν > 1/2. Such asymptotic behavior is, however, ruled out by the weak-energy condition which requires that A ≤ 0 (the "holographic c-theorem) [46, 47] . It can be checked that more than one infinite dimensions cannot help.
harmonic and regular inside Σ, and which obey the boundary conditions (here ∂ ⊥ is the normal derivative):
In writing down the solutions one also needs the dual harmonic functions, which are defined up to a constant by the following relations
Note that this ambiguity has a physical interpretation, namely constant shifts of h D 1 and h D 2 correspond, respectively, to gauge transformations of the RR and NSNS two-form gauge potentials. It is, furthermore, convenient to define the following combinations of h 1 , h 2 , and of their first derivatives (here ∂ = ∂/∂z,∂ = ∂/∂z) :
In the conventions of appendix A, the supersymmetric solutions of refs. [18, 19] are then described by the following backgrounds:
Metric :
where 5) and the AdS 4 and 2-sphere metrics are normalized to unit radius;
Dilaton :
3−forms :
where ω 45 and ω 67 are the volume forms of the unit-radius spheres S 2 1 and S 2 2 , and
where ω 0123 is the volume form of the unit-radius AdS 4 , F is a 1-form on Σ with the property that f 4 4 F is closed, and * 2 denotes Poincaré duality with respect to the Σ metric. The explicit expression for F is given by
where C is defined by the relation
The above set of expressions gives the local form of the general solution for the ansatz of refs. [18, 19] . These expressions are invariant under conformal transformations of the coordinate z, which map, however, in general Σ to a different disk-like domain of the complex plane. The following identities between the dilaton field and the metric factors will prove useful later:
Note that the general solutions consistent with the above isometries can also have a non-vanishing Ramond-Ramond scalar field. As has been shown however in [18] , it is always possible to set the RR scalar to zero by a SL(2, R) duality rotation. In fact, since quantum effects break this symmetry to its discrete subgroup SL(2, Z), continuous rotations give a priori physically-inequivalent solutions. Since however only the metric enters in the analysis of the spin-2 spectrum, we wont need to keep track of this issue in the present work.
AdS 5 × S 5 and supersymmetric Janus
Although any pair of harmonic functions h 1 , h 2 gives a local solution of the supergravity equations, global consistency imposes stringent restrictions. As discussed in reference [19] , for the solutions of interest the dilaton and all metric factors must be regular functions in the interior of Σ, but they may diverge at isolated points of the boundary. A further requirement is that the AdS 4 scale factor, f 4 , be everywhere non-vanishing, and that (with the exception of isolated points) the strip boundary, ∂Σ, should correspond to interior points of the ten-dimensional geometry.
Removing the singular points of f 4 separates ∂Σ into a collection of boundary segments. The last regularity condition then implies that on each segment one of the two sphere radii must vanish. This is guaranteed by (3.1), as can be checked with the help of (3.11). To avoid a conical singularity, we need however also to fix the rate at which the sphere radii vanish. Explicitly, for Imz = and Imz = π/2 − with Further conditions may still be needed in order to constrain the allowed singularities at isolated points on the boundary of Σ. Admissible singularities include those that can be interpreted as coming from known string-theory branes.
A simple choice for the harmonic functions, consistent with all the above physical requirements, is as follows:
and
where α 1 and α 2 are arbitrary real parameters. After a little algebra 7 these give:
Writing z = x + iy, one recognizes immediately the AdS 5 × S 5 metric,
with radius L 2 = 4|α 1 α 2 | 1/2 . The choice (3.13) leads furthermore to vanishing 3-form fluxes, and to the following constant dilaton and 5-form backgrounds: 16) where ω 4567y is the volume form on the unit S 5 , with orientation fixed by the sign of α 1 α 2 . The radius of the 5-sphere is related as usual to the total D3-brane charge:
All the solutions that we will discuss will be obtained by deforming the harmonic functions of this basic AdS 5 × S 5 solution.
A one-parameter family of deformations, the supersymmetric Janus configurations [18] , is obtained by the following trick: one notes that a translation along the strip preserves the boundary conditions of the harmonic functions. A common translation of the arguments of h 1 and h 2 is of course just a reparametrization. New regular solutions can, however, be found by a relative translation, i.e.
where ∆φ is a real parameter (whose name will be justified in a moment). The regularity of the Janus solution has been established in ref. [18] . In the asymptotic regions x → ±∞ we expect it to approach the basic AdS 5 × S 5 geometry. To find the asymptotic values of the radius and dilaton requires some care, because W vanishes at the leading exponential order. A simple calculation actually gives 19) so the deformation simply rescales W by a factor cosh(∆φ). Using this fact, and keeping the leading exponential behavior for all other terms in the expressions (3.3) to (3.6), leads to the following values for the dilaton and the radius of the two asymptotic AdS 5 × S 5 regions, at x → ±∞:
The Janus configuration describes a smooth supersymmetric domain wall, across which the dilaton changes by a total amount ∆φ. The wall lives in the near-horizon geometry of D3-branes. This simplest solution has no five-brane charge, as is obvious from the fact that there is no non-contractible 3-cycle that can support it.
Non-vanishing five-brane charge
Adding five-brane charge to the supersymmetric Janus solution requires harmonic functions with singularities at the boundaries of the strip. These singularities describe new asymptotic regions of the ten-dimensional geometry. 8 Proceeding in steps, we consider first the following two-parameter deformation of Janus:
All the parameters in these expressions must be real. The function ln(tanh z 2 ) is purely imaginary for Imz = π 2 , so h 2 continues to vanish on the upper boundary of the strip. It also obeys a Neumann condition on the lower boundary, except at the origin, z = 0, where it has a logarithmic singularity. This is not very surprising, since we expect the metric and the dilaton to be singular at the position of a 5-brane.
To show why the above solution has NS5-brane charge, we need to identify a non-contractible 3-cycle that can support 3-form flux. Consider an open curve, I, 8 As explained in reference [19] each five-brane singularity can be split into a pair of singularities of branch-cut type like those describing the asymptotic AdS 5 ×S 5 regions. Note that after such a splitting, there may appear conical singularities in the bulk of Σ. To see this, note that in the upper-half-plane coordinates the function W and correspondingly the Σ-metric, ρ, vanish at isolated points in the bulk of Σ. It has not been explicitly checked whether these points lead to conical singularities or not. starting and ending on the lower boundary of the infinite strip. Since S 2 1 shrinks to zero size at both ends, I and this 2-sphere fiber gives a 3-cycle with the topology of a 3-sphere. When γ = 0 this cycle is contractible, because I can shrink continuously to a point. For γ = 0 on the other hand, a curve with its endpoints on either side of z = 0 cannot be contracted. There is no RR 3-form flux through this cycle because, as can be seen from eq. (3.7), the RR 3-form is proportional to the volume of the second sphere, S 2 2 . 9 The NS-NS flux through S 2 1 × I, on the other hand, reads
where ∂I is the boundary of I. The last of the above equalities follows from eq. (3.8), and the vanishing of h 1 on the real-z axis. The function dual to h 2 is
from which it follows easily that h D 2 | ∂C = 2πγ. Note that the entire contribution to the charge comes from the imaginary part of the logarithm, and only depends on the topological class of the open curve I, i.e. on whether its two endpoints lie on the same or on opposite sides of z = 0. Inserting in (3.22) gives the relation between γ and the NS5-brane charge,
To relate the remaining four parameters of (3.21) to physical parameters of the solution, we consider again the asymptotic geometry in the two limits x → ±∞. Note first that the extra term in the expression for h 2 has the asymptotic behavior
Adding this to the hyperbolic cosine gives
where
By our previous argument, we may now compute the radius and the value of the dilaton in the two asymptotic AdS 5 × S 5 regions with the result:
The reader can check that the integral of ImF (3) over S Notice that the asymptotic radii and D3-branes charges need not be the same at the two ends, as was the case in the Janus solution. Indeed, the D3-branes can either intersect or end on the NS5-brane stack, which is allowed to carry D3-brane charge [48] . The fraction of D3-brane charge dissolved inside the NS5-branes is
This vanishes when γ = 0, since in this case there are no NS5-branes, but also when β 1 = 0 which corresponds to all D3-branes intersecting the NS5-branes. The other extreme, where this ratio approaches one, corresponds either to γ → ∞, or to β 1 , β 2 → ∞ with the difference β 1 − β 2 held fixed. In these limits the NS5-brane stack absorbs the totality of D3-brane charge in its worldvolume.
A solution with D5-brane charge can be obtained from eq. (3.21) by an S-duality transformation. The harmonic functions transform as a doublet of SL(2, Z), so that under this transformation h 1 → h 2 and h 2 → −h 1 . The transformation also exchanges the two 2-spheres. To restore the initial boundary conditions (3.1), we furthermore make the (analytic) reparametrization of the strip z → iπ/2 − z. The D5-brane background corresponds thus, finally, to the functions
It can be easily checked that the metric of this solution is the same as that of the NS5 brane, while the sign of the dilaton is flipped, and the NSNS and RR 3-forms are exchanged. This is precisely the action of the S-duality element of SL(2,Z).
It is now easy to write down a solution, which involves both NS5-brane and D5-brane stacks wrapping the two different 2-spheres of the background geometry. The corresponding harmonic functions read:
This solution describes the near-horizon geometry of stacks of intersecting D3-branes, NS5-branes and D5-branes, whose worldvolumes in the asymptotically-flat spacetime are along the directions (0123), (012456) and (012789). The five-brane charges are
The asymptotic values of the AdS 5 × S 5 radii and the dilaton field are :
where α ± j and β ± j for j = 1, 2 are given by:
The ratio L 4 − /L 4 + determines, as previously, the fraction of D3-branes dissolved into the two stacks of 5-branes. The fractions dissolved separately into the D5-brane stack, and the NS5 stack, can be computed from the integrals of the RR 5-form over I × S 2 1 × S 2 2 , where I is a semicircle around the corresponding logarithmic singularity on the strip boundary.
There is, actually, a well-known subtlety in the definition of D3-brane charge due to the Chern-Simons term of the type-IIB action, as reviewed nicely in reference [49] . The gauge-invariant and conserved Maxwell charge differs in general from the Page charge which (being quantized and localized) is the one that counts the number of D3-branes. In the asymptotic AdS 5 regions the two notions of charge coincide, so that their difference, i.e. the total number of D3-branes dissolved in the five-brane stacks, is unambiguous. The separate fractions of D3-branes going into the NS5-stack and the D5-stack may suffer from a gauge ambiguity, but we will not need their explicit expressions here. We just note that the total parameter count is correct: there are seven physical parameters, the two asymptotic values of the dilaton, the two 5-brane charges, and the three D3-brane charges, i.e. the numbers of D3-branes that are (i) dissolved in the NS5-branes, (ii) dissolved in the D5-branes, or (iii) intersecting both stacks. This is the same as the number of parameters in (3.31), if one excludes the spurious parameter that fixes the origin of the real-z axis.
The solution (3.31) can be generalized further by including any number of fivebrane singularities, both in the upper and in the lower boundaries of the strip. These describe configurations with different fractions of D3-branes dissolved into more than two distinct five-brane stacks. They can be analyzed by a straightforward extension of the above discussion.
Localized Gravity: what to look for ?
In this section we briefly review the Karch-Randall model [16] , and in particular those features of its prototype thin-brane geometry that are responsible for the localization of gravity. A key qualitative feature of this geometry is that the warp factor has a local bump, whose height generates a large scale hierarchy. As we will see, the Janus configuration does not share this qualitative feature, and it cannot therefore localize gravity. The reason is that a dilaton domain wall has no a priori prescribed tension and thickness, because its superpotential vanishes. Solutions with both NS5-and D5-brane charge are, in this regard, more promising, but their detailed analysis will be postponed to a forthcoming companion paper [37] .
The Karch-Randall model
The starting point of the Karch-Randall model is the effective 5D thin-brane action
where [g] 4 is the determinant of the induced metric at y = 0. This action depends on three dimensionful parameters: the 5D gravitational coupling κ 5 , the tension λ of the thin 3-brane, and the radius of curvature L of the bulk spacetime. The important dimensionless combination is κ 2 5 λL, or equivalently the length parameter 
withḡ µν the metric of the unit-radius AdS 4 . The spacetime (4.3) consists of two identical slices of AdS 5 of radius L, glued by Israel matching conditions at the location of the thin 3-brane. The parameter y 0 is the turn-around point of the warp factor, and it moves to infinity as one tunes κ 2 5 λL → 6 (see figure 1 ). The physical parameters in four dimensions are the radius of curvature of the AdS 4 brane-world, Newton's constant G N , and the characteristic Kaluza-Klein length, KK , below which Newton's force law is modified by 5D physics. Overlooking the fact that our actual universe is de Sitter, not anti-de Sitter, we have the following observational requirements (for short-range tests of gravity see e.g. ref. [52] ) :
62 , and KK < 1 mm .
To convert these to constraints on the 5D parameters, one first notes that
so for the brane-world to be almost flat we need y 0 bigger (but not hierarchically bigger) than L. The geometry near the 3-brane can then be approximated by the exponential warp factor of the Randall-Sundrum model [2] ,
The role of the geometry beyond the turn-around points y 0 is essentially to replace the adhoc boundary condition at the AdS 5 horizon by a suitable normalizability condition. The main conclusions of reference [2] can then be carried over to this bent-brane case. The effective 4D Newton's constant, in particular, reads
where ψ 0 (y) is the wavefunction of the lightest, nearly-massless graviton mode. The corrections to Newton's law from the exchange of higher excitations are given by
with γ a numerical constant. Note that the relation between G N and the 5D coupling is the same as for a standard Kaluza-Klein circle of size L, but the corrections to Newton's law in the two cases are different. Either way, in view of the experimental constraint (4.4) we need L to be less than (a fraction of) the millimeter.
A key feature of the above prototype geometry is the existence of a local maximum of the warp factor near y 0. Its immediate vicinity supports the nearly-constant, nearly-massless mode ψ 0 , whose mass has been shown in ref. [53] to be given by m 2 0 3L 2 /2 2 . This is of the same order as the blueshift between the local maximum at y = 0 and the minima at y = ±y 0 . The estimate for the wavefunction in (4.7) is based on the assumption that ψ 0 (y) is almost constant at y y 0 , so that the contribution to its norm vanishes exponentially fast away from the brane.
The large blueshift between the points y = 0 and y = y 0 is crucial for suppressing the contribution of the excited modes. These have AdS 4 masses m ∼ 1, so that they mediate interactions whose range is comparable to the radius of curvature, , of the braneworld. Their support is, however, centered around y 0 , and they have very small amplitude at the position y = 0 of the 3-brane. The actual calculation (see e.g. [2, 35, 54, 55, 56, 57] and references therein) gives |ψ(0|m)| 2 ∼ mL 2 / 2 , so that the contribution to the gravitational force,
takes, at distances L r , the subleading form exhibited in equation (4.8). The precise form of the KK correction (which also includes contributions from non-TT modes) will, in general, depend on details of the geometry. What appears, however, to be essential for the localization of gravity is the very large suppression of the excited modes at the location of the brane.
Some further intuition on this issue can be derived from the equivalent Schödinger problem defined in eqs. (2.21) and (2.22). Using a coordinate in which the rescaled internal metric is constant (ḡ 55 = e −2Aĝ 55 = −2 ) one finds
These expressions are actually valid for z , while the exact potential turns around and diverges at some large but finite value z 0 [16] . The key feature of this analog potential is its volcano shape, which traps the nearly massless graviton near z ∼ 0, and expells from this region the excited modes. In previous studies of thick-brane models [51, 34, 58] this shape was engineered by appropriately tuning an adhoc superpotential of scalar fields. One important issue that concerns us here is whether such a shape can be obtained in string theory.
We complete this section with a comment on gravity localization as seen from the perspective of the dual defect field theories. As explained in ref. [29] , the mode expansion of supergravity fields is mapped to the expansion of conformal operators in the 4D bulk, as they approach the three-dimensional defect. A nearly-massless localized AdS 4 graviton should thus correspond to an operator O 0 with dimension ∆ 3 in the expansion of the energy-momentum tensor. Furthermore, the behavior of the corrections to Newton's force in the Randall-Sundrum model corresponds to the r −4 fall-off of the two-point function of the bulk energy-momentum tensor [32] . 10 It is also interesting to note that, while the 3-point functions of the energy-momentum tensor in a homogeneous CFT are completely fixed by Ward identities, this is not the case for the 3-point functions involving the reduced operator O 0 . This reflects the fact that our hypothetical nearly-massless graviton need not have universal couplings to all the forms of matter. 11 
Warp factors and a limiting geometry
It has been argued in reference [17] that intersecting D3-branes and D5-branes could provide a string-theory embedding of the Karch-Randall model. The underlying 10 To touch basis with the usual discussion in Poincaré coordinates, note that the distance r between two points on the AdS 4 brane is related to the geodesic distance R in the embedding AdS 5 spacetime through
. Removing the standard flat-brane cutoff in the AdS/CFT correspondence amounts to zooming into the region L r .
hypothesis was that the back-reaction of the D5-branes on the AdS 5 ×S 5 geometry could be well approximated by the effective thin-brane action (4.1). Given the explicit solutions of D'Hoker et al [18, 19] one can try to find out whether this assumption was justified. The questions to ask are: (1) does the warp factor develop a "local bump" with a large hierarchy of scales? and (2) can the KK modes, both on the strip and on the two-spheres, be kept within the experimental limits? The second question is of course harder to address, since it depends on the detailed shape of the analog potential as well as the metricḡ ab in the internal space.
The warp factor in the solutions of D'Hoker et al reads
where W, N 1 , N 2 have been defined in eq. (3.3). We first consider the case of Janus, for which the harmonic functions (3.18) can be written as 12) where z = x + iy. A simple calculation then gives
and after a slightly more tedious algebra: As a check note that for ∆φ = 0 the square brackets in the above expressions reduce to [4 cosh 4 x], so that the warp factor is y-independent. This is indeed the AdS 5 ×S 5 limit in which the geometry factorizes.
For ∆φ = 0 the square brackets in (4.14) depend on the coordinate y, and the geometry does not factorize. Note in passing the symmetry under the reflection (x, y) → (−x, π/2 − y), which exchanges the harmonic functions h 1 and h 2 and thus leaves the metric invariant. Along the middle line of the strip, i.e. at y = π/4, the wrap factor is given up to an overall constant by e 8A ∝ 1 + cosh 2 2x + 2 cosh 2x cosh ∆φ 2 − tanh 2 ∆φ sinh 2 2x(cosh 2x + 2 cosh ∆φ) 2 . check explicitly from the above expression, f 4 is an even function of x increasing monotonically from the center out to the AdS 5 boundary regions. The absence of a local bump reminiscent of the thin-brane geometry of [16] is a clear indication that Janus cannot possibly localize gravity. One other thing seen in figure 2 is that the AdS 5 trap becomes broader and flatter as the dilaton jump ∆φ is tuned up. Interestingly, the limit ∆φ → ∞ leads to a smooth, geodesically-complete geometry. Indeed, for |x| ∆φ one gets This limiting geometry describes therefore a five-dimensional, non-compact spacetime (AdS 4 × R) with a dilaton varying linearly in R, and a warp factor varying smoothly over a deformed 5-sphere. For large but finite ∆φ the nearly-flat fifth dimension has size ∼ ∆φ, and the Kaluza-Klein excitations should therefore have characteristic spacings δm (∆φ) −1 . This will be indeed confirmed by the numerical analysis of the Janus spectrum in section 6.2.
The reason for this behavior of the Janus solution can be understood if one notes that the dilaton has no superpotential at the classical level. This should be contrasted with toy models of thick brane worlds [34, 51, 58] , where the superpotential can be engineered to produce the desired warp factor. The tension and thickness of scalarfield domain walls are, in particular, tunable parameters in these toy models. Dilaton domain walls, on the other hand, would tend to spread to infinite thickness and zero tension in the absence of gravity. They are only stabilized in the case at hand by the asymptotic AdS 5 regions. Five-branes are more promising in this respect, since they are stable in flat spacetime. Figure 3 depicts the AdS 4 warp factor and the sphere radii for solutions with NS5-brane charge, while solutions with both NS5-brane and D5-brane charge are shown in figure 4 . As can be seen from these figures, the warp factor does indeed exhibit a characteristic bump, but this grows wider and flatter as it gets taller. It thus looks as if a scale hierarchy cannot be arranged without decompactifying the internal space. This question will be analyzed in detail in ref. [37] . For now, we conclude with a simple observation: while the warp-factor bump is tiny in figure 3 , it is much more pronounced in figure 4 . The reason is that the NS5-brane stack (whose tension in the Einstein frame scales as e φ/2 ) pushes the dilaton field to a larger value, thereby reducing its back-reaction on the local geometry. The D5-branes (whose tension scales like e −φ/2 ) exerts an opposite pressure on the dilaton. When there are both NS5-branes and D5-branes the dilaton reaches an equilibrium value, and the total tension cannot be further reduced.
Spectral Problem on the Strip
We go back now to the eigenmode equation of section 2, and specialize it to the interface solutions of D'Hoker et al. We will see, in particular, that for excitations that are constant on the 2-spheres, the operator (m 2 + 2) is the Laplace-Beltrami operator on the strip Σ, with metric (2ρ/f 4 ) 2 dzdz and with Neumann boundary conditions. As a check, we will diagonalize this operator to recover the well-known AdS 5 ×S 5 mass spectrum. In the next section we will analyze the first non-trivial example, that of the supersymmetric Janus solution.
Reduction of the eigenmode equation
The eigenvalue equation (2.20) for spin-2 modes depends only, as we have seen, on the warp factor and the internal-space metric. For the interface solutions of D'Hoker et al these can be read from the general expression (3.4),
Exploiting the background isometries, we may, furthermore, expand the wavefunction ψ in a basis of spherical harmonics, i.e. in self-explanatory notation
where we have suppressed the dependence of Y lm on the sphere coordinates. Inserting these expressions in (2.20) leads to the following eigenvalue equation:
with z ≡ y 1 +iy 2 the complex coordinate of the strip, and i, j = 1, 2. The lowest mass eigenvalue corresponds to a wavefunction with l 1 = l 2 = 0. Much of our analysis will be restricted to this class of wavefunctions.
The l 1 = l 2 = 0 equation takes a simple form if expressed in terms of the harmonic functions h 1 and h 2 . This follows from the identities (3.11), which imply in particular
In the second equation we have used the fact that W/h 1 h 2 is a negative-definite real function in the interior of Σ. From the above identities one gets
Multiplying now by (h 1 h 2 ) and rearranging various terms puts the eigenvalue equation in the following elegant form:
The operator (m 2 + 2) for this class of s-wave excitations is thus a Laplace-Beltrami operator on the strip, with the effective metric (2ρ/f 4 ) 2 dzdz. Note, as a check, that a constant wavefunction ψ 00 impliesψ 00 = h 1 h 2 , which solves the above equation for zero mass in accordance with the general expectations. This would-be massless graviton is not, however, a normalizable mode, as will become clear in a minute.
The reduced equation (5.6) is manifestly invariant under the S-duality transformation, which exchanges h 1 with h 2 . This should be so, because S-duality does not affect the (Einstein-frame) metric. Independent rescalings of h 1 and h 2 , which change the values of the radius and the dilaton in the asymptotic AdS 5 × S 5 regions, are also symmetries of the above eigenvalue problem. This is a consequence of the scale covariance of the two-derivative supergravity action, and of the special form of the universal dilaton coupling.
For completeness, let us also write down the equation for arbitrary values of the angular momenta, l 1 and l 2 , on the two spheres:
whereψ l 1 l 2 = h 1 h 2 ψ l 1 l 2 as above.This is again S-duality invariant, if one exchanges l 1 with l 2 . Note that W h 1 h 2 is negative-definite within the strip, so as expected non-vanishing angular momenta add a positive term to the mass-squared operator.
To fully specify the spectral problem, we must also discuss the space of allowed functions on the strip. Recall that generic points on the strip boundary are regular interior points of the 10-dimensional geometry, and Imz = → 0 is the radial polar coordinate of a local 3-dimensional coordinate patch. Requesting that the metric perturbation be analytic in the local Cartesian coordinates therefore implies
Thus ψ 00 has a Neumann boundary condition on the real axis, while for all other ψ l 1 l 2 the condition is Dirichlet. The same conditions apply to the upper boundary of the strip. As for the behavior near singular points and at infinity, this is fixed by requiring normalizability of the wavefunction. From the general expression (2.25) for the norm one finds
where the integration runs over the strip Σ. Using the identities (5.4) one arrives then at the following reduced expression:
This norm guarantees that the Laplace-Beltrami operator is self-adjoint. The integral must, in particular, converge in the asymptotic AdS 5 ×S 5 regions, as well as in the vicinity of five-branes. The boundary conditions (5.8) together with the above norm determine the space of allowed spin-2 excitations in the background of all interface solutions.
We mention for future reference the equivalent Schrödinger problem (2.21 -2.22), which is defined on the full six-dimensional internal space with metric
4¯ y f 4 4 can help in some cases one's intuition, we will not use it in the present work. The reduced form of the equation will be more convenient for our purposes here.
The case of AdS 5 ×S

5
To verify our formulae, and as a simple warm-up exercise, let us first analyze the pure AdS 5 × S 5 geometry. Writing z ≡ x + iy, one has:
We focus on the wavefunctions ψ 00 which, as we have just seen, must obey Neumann boundary conditions on the infinite strip. Their y-dependence can thus be decomposed in the basis of functions {cos(2ny)} for n = 0, 1, 2 · · · . From the form (5.6) of the wave operator, one guesses the following form of orthogonal eigenfunctions:
whereχ n (x) ≡ 2α 1 α 2 cosh 2 x χ n (x). With this ansatz the eigenvalue equation reduces to an ordinary differential equation for the functionχ n (x),
This is the Legendre equation, as can be recognized after the change of variables tanhx ≡ t which brings it to the canonical form [59] 
The general solution of the Legendre equation is a linear combinatioñ 16) where c 1 , c 2 are arbitrary coefficients, and P 2n+2 κ and Q 2n+2 κ are the associated Legendre functions of, respectively, the first and the second kind. To find the normalizable eigenmodes, note that in terms of the variable −1 < t < 1 the criterion (5.10) reads
At t → 1 the Legendre function Q 2n+2 κ has a pole of order n + 1, while P 2n+2 κ has a zero of the same order [59] . Convergence of the integral in this limit requires therefore that c 2 = 0. At t → −1, on the other hand, the function P 2n+2 κ has a pole of order n + 1, but with residue proportional to sin(κπ). To avoid the pole we must thus choose κ ∈ Z. Since κ and −κ − 1 correspond to the same value of the mass, we may actually restrict κ to the natural integers. Finally, Rodrigues' formulã 18) shows that when κ < 2n + 2 our would-be solution is identically zero. This leads then to the following spectrum of normalizable modes:
The lowest-lying spin-2 excitation is as expected massive, with m 2 = 4.
The above spectrum corresponds to eigenmodes which are constant on both 2-spheres of the background metric (3.4). In the case at hand these 2-spheres make up, together with the y-interval, the 5-sphere of the AdS 5 ×S 5 solution. Thus all modes can be organized in representations of the bigger symmetry group SO (6) . As can be easily checked, the states (n, κ) belong to the symmetric tensor product of n vector representations of SO (6) . Their partners in this same representation, for n = 0, have a non-trivial dependence on the coordinates of the 2-spheres, which is given by the 5-sphere harmonics.
The n = 0 states are SO(6) singlets, and there is one such state for each κ = 2, 3 · · · . This decomposition of the AdS 5 graviton into AdS 4 eigenstates agrees with the five-dimensional analysis of Karch and Randall [16] . States with the same n and different κ are related by conformal, SO(2, 4) transformations. Note, however, also that for given κ there are [κ/2] different SO(6) representations with equal mass. This degeneracy is not accidental -it is due to the fact that all graviton states belong to a single unitary irreducible representation of the supergroup P SU (2, 2|4).
Spectrum of Supersymmetric Janus
We will now study the spectrum of spin-2 excitations in the supersymmetric Janus background. The key observation is that the l 1 = l 2 = 0 eigenmode equation is in this case separable, and it reduces to an ordinary differential equation with four regular singular points. We will solve this equation numerically, and exhibit the spectrum as a function of the dilaton-jump parameter ∆φ. The result confirms the expectations from section 4, in particular in the limit of large ∆φ in which the interface spreads out to a large nearly-flat extra dimension with a linearly-varying dilaton.
Heun's equation
Although the Janus geometry does not factorize, it follows from eqs. (4.13) that the ratio (W/h 1 h 2 ) is y-independent. Thus, at least for the l 1 = l 2 = 0 modes, we can use the ansatz (5.13) to separate the variables x and y. The eigenvalue equation (5.6) reduces then to the following ordinary differential equation:
where hereχ n ≡ α 1 α 2 (cosh∆φ + cosh 2x) χ n . Changing again to the variable t ≡ tanh x, and defining the convenient "Janus parameter"
brings the above equation to the equivalent form
This is an equation with five regular singular points, at t = ±1, t = ± √ ξ and t = ∞, all of which lie outside the open interval (−1, 1) whereχ n (t) should be defined. The AdS 5 ×S 5 equation is recovered in the limit ∆φ → 0, i.e. ξ → ∞.
The number of singularities of (6.3) can be reduced by exploiting its symmetry under the reflection t → −t. Thanks to this symmetry, the eigenfunctions can be chosen to be either even or odd functions of t. Changing variable to s = t 2 leads to
with even/odd solutions distinguished by their behavior at s → 0:
Equation (6.4) has four regular singular points, at s = 0, 1, ξ and ∞.
[That the point s = ∞ is regular can be seen after a change of variables s = 1/s.] Such differential equations are known in the mathematics literature as Heun's equations [36, 60] . They arise in a variety of physical contexts, for instance as eigenvalue equations in the background of the Kerr-Newman-de Sitter black hole [61] , of large AdS black holes in five dimensions [62] , of the toric Sasaki-Einstein manifolds L a,b,c [63] , or in the study of RG flows between 2D CFTs [64] and of slowly-rotating homogeneous stars [65] (for more physics applications see the references in [36, 66] ). Heun's equation is the next in the series of canonical Fuchsian equations on the Riemann sphere, after the hypergeometric equation which has three regular singular points.
Near a regular singular point, the two (local) solutions of a Fuchsian equation behave as (s−s 0 ) ν 1 f 1 (s) and (s−s 0 ) ν 2 f 2 (s), where ν 1 and ν 2 are called the singularity exponents, and f 1 , f 2 are analytic at s 0 . 12 In the case at hand, the exponents at the singular point s 0 = 0 are ν 1 = 0 and ν 2 = 1/2, corresponding respectively to the even and the odd solutions. At the singular point s 0 = 1, on the other hand, the exponents are ±(n + 1). Since the normalizability condition (5.10) requires that For the generic Heun equation it is not known how to solve this two-point connection problem in closed form. Semi-analytic expressions forχ n can be written down as series of hypergeometric functions whose coefficients obey simple recurrence relations [36] . These series converge in a region around a given singular point, so to determine m 2 in the case at hand one must match the expansions around the points s = 0 and s = 1 (for an example of this procedure see [61] ). For the purposes of this work, simpler numerical algorithms will be sufficient. Before turning to the numerical solution, we first bring equation (6.4) to the canonical Heun form
where the parameters must obey the constraint γ + δ + = α + β + 1. Our equation is brought to this form by the wavefunction redefinitioñ 8) and with the following identification of the parameters:
Note that the roles of α and β in the canonical form of Heun's equation can be swapped. Note also that since the exponents ofχ n at s = 1 were ±(n + 1), those of g at this singular point are −2n − 2 and 0. The normalizable solutions have g(s) analytic at s = 1, and analytic or with a square-root singularity at s = 0.
Numerical solution
The Heun equation admits power series solutions around each of its singular points. We write the power-series solution around the point s = 0 as
The c i are then determined by the three-term recursion relation 11) where the coefficients in the lower line are given by with the following transformed arguments:
Recall that n was a label for the Fourier modes in the y direction, ξ parametrizes the dilaton jump, the AdS 4 mass is m 2 , and the remaining parameters are given in eq. (6.9). Note also that for γ = 1/2 the two solutions correspond to the two possible behaviors (6.5), i.e. g 1 is the even and g 2 the odd solution. Our problem is to find the values of m 2 for which these solutions are regular at s = 1.
The asymptotic behavior near s = 1 can be studied most easily by making a linear fractional change of variableŝ 15) and a redefinition of the functionĝ(ŝ) = (ŝ − ξ) −α g(ŝ). This Möbius transformation maps Heun's equation into itself, swapping the singular points 0 ↔ 1 and ξ ↔ ∞, and transforming the parameters as follows:
The solution of the original equation that is regular at s = 1 can be written as g reg (n, m 2 , ξ; s) = (ξ −ŝ)αHl(α,β,δ,γ,ˆ ;q; ξ;ŝ) , (6.17) while the second solution is singular and must be excluded. The normalizable wavefunctions are thus the ones for which g 1 = A 1 g reg or g 2 = A 2 g reg , where A 1 and A 2 are proportionality constants. These conditions determine the allowed values of m 2 for given values of n and ξ.
There are no general techniques which are currently known for the analytic solution of this problem. 13 The following simple numerical algorithm will be, however, sufficient for our purposes here. Using the recursion relation (6.11) we compute the series expansions of g 1,2 and g reg , around the singular points 0 and 1, to a high order. We then impose the following matching condition for the even or odd solutions: where s 0 is a midway point at which all series expansions are convergent. The results for n = 0 and different values of ξ are shown in figure 5 . As can be seen, all the masses decrease monotonically as ξ increases, and they all approach zero as ξ approaches 1. The behavior for ξ close to 1, corresponding to large ∆φ, is shown in figure 6 . As discussed in section 4.2, a nearly-flat fifth dimension grows to size ∼ ∆φ in this limit. Thus the spacing between the masses of neighboring modes should be constant and of order ∆φ −1 , and this is confirmed by the numerical analysis.
This limiting situation can be analyzed more easily by going back to the original form (6.1) of the eigenmode equation. Expanding this equation for large ∆φ gives where we have set n = 0 and we assumed that m 1. The solutions are plane waves,χ 0 e ± √ 2mx , cutoff by the exponentially-rising potential at x ±∆φ/2. The potential wall discretizes the low-lying mass spectrum in units of ∆φ −1 as advertized. This completes our analysis of the Janus spectrum.
Discussion
A lot of effort has gone, in recent years, into finding a string-theory realization of the so-called model-I of Randall and Sundrum [67] . A popular embedding [68] , for example, uses the Klebanov-Strassler throat geometry [69] capped-off by a compact Calabi-Yau manifold. Despite some notable differences, the gravitational physics in this setting resembles that of ordinary Kaluza-Klein compactifications (see for instance refs. [70, 71, 72] ). There exists, in particular, a normalizable zero mode and a finite mass gap for the higher spin-2 excitations.
The backgrounds considered in this work are qualitatively different, since the internal space is not compact and the graviton has a non-vanishing AdS 4 mass. They resemble in this respect the thin-brane geometry of the Karch-Randall model [16] , a prototypical example of (quasi-)localized gravity. A crucial aspect of this model is that the excited modes contribute to the long-range force, but this contribution is suppressed by an exponentially-rising warp factor. The lack of a compelling effective theory for massive gravity in four dimensions probably means that efforts to embed this model in string theory are doomed to fail. Nevertheless, given the importance of the question, even failure can be instructive and all avenues should be pursued. The exact interface backgrounds of D'Hoker et al [18, 19] allow us to revisit this question in a controlled setting, and this has motivated the present work.
One of our tasks in this paper was to carefully set up the spectral problem in the above background geometries, in sections 2 and 5. The exercise is straightforward, but performing carefully all steps allowed us to tie up loose ends, and to emphasize the differences with the more familiar cases of flat-brane warped geometries and of direct-product AdS 4 compactifications. In this paper we have solved this spectral problem only in the simplest case of the supersymmetric Janus solution, for which the eigenmode equation is separable. Our discussion is, however, also the starting point for the study of the more involved five-brane solutions, whose spectral problem is inherently 2-dimensional and thus requires more sophisticated numerical and analytic techniques [37] . Finally, although much of our discussion has been guided by the issue of gravity localization, the spectral problem for spin-2 modes is of broader interest from the perspective of defect CFTs. One question, to which we hope to return, is the precise relation between this spectrum and the energy-transfer properties of the holographically-dual defect walls. 
A Summary of Type IIB supergravity
We briefly review here the type-IIB supergravity Bianchi identities and field equations, as well as the supersymmetry variations, for vanishing fermionic fields. Our conventions are those used in [18, 19] , except for a rescaling of the 4-form potential by a factor 4 so as to agree with the standard conventions. The bosonic fields are the metric g M N , the complex axion-dilaton scalar B, the complex 2-form B (2) and the real 4-form C (4) . To simplify the form of the field equations and Bianchi identities we introduce the following composite fields:
where where F (3) = dB (2) . The scalar field B is related to the complex string coupling τ , the axion χ, and the dilaton φ by
In terms of the composite fields P, Q, and G, the Bianchi identities read 0 = dP − 2iQ ∧ P ,
The field strength F (5) is furthermore required to be self-dual, with u, v ∈ C andūu −vv = 1. In this non-linear realization of SU (1, 1), the field B takes values in the coset SU (1, 1)/U (1) q , and the fermions λ and ψ µ transform linearly under the isotropy gauge group U (1) q with composite gauge field Q. The transformation rules for the composite fields are, P → P s = e 2iθ P , 8) where the phase θ is defined by e iθ = vB + ū vB +ū 1 2 .
(A.9)
Written like this the transformation rules clearly exhibit the U (1) q gauge variation that accompanies the global SU (1, 1) transformations.
